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MANYMANY--PARTICLE SCHRÖDINGER EQUATIONPARTICLE SCHRÖDINGER EQUATION

QUANTUM CHEMISTRY: THE ELECTRONIC SCHRQUANTUM CHEMISTRY: THE ELECTRONIC SCHR ÖÖDINGER EQUATIONDINGER EQUATION

NUCLEAR PHYSICS: THE NUCLEAR SCHRNUCLEAR PHYSICS: THE NUCLEAR SCHR ÖÖDINGER EQUATIONDINGER EQUATION

or NLO, Nor NLO, N 22LO, LO, 
NN33LO, etc.LO, etc.
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MOLECULAR ELECTRONIC STRUCTURE:MOLECULAR ELECTRONIC STRUCTURE:

Molecular orbital (MO) basis set (usually, linear c ombination of atomic orbitals (LCAO) obtained with 
Hartree-Fock or MCSCF). Examples of AO basis sets: 6 -311G++(2df,2pd), cc-pVDZ, MIDI, aug-cc-
pVTZ.

NUCLEAR STRUCTURE:NUCLEAR STRUCTURE:

Example: Harmonic-oscillator (HO) basis set.

ALGEBRAIC APPROACHALGEBRAIC APPROACH
(IN CHEMISTRY, MOLECULAR ORBITAL THEORY)



The key to successful description of atoms, molecul es, condensed matter 
systems, and nuclei is an accurate determination of  the MANY-PARTICLE 

CORRELATION EFFECTS. INDEPENDENT-PARTICLE-MODEL 
APPROXIMATIONS, such as the Hartree-Fock method, ARE INADEQUATE

ELECTRONIC STRUCTURE:ELECTRONIC STRUCTURE:
Bond breaking in F 2
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NUCLEAR STRUCTURE:NUCLEAR STRUCTURE:
Binding energy of 4He

(4 shells)

-23.484Full Shell Model 
(Full CI)

-23.524CR-CCSD(T)

-21.978CCSD

-10.520〈〈〈〈ΦΦΦΦHF|H’|ΦΦΦΦHF 〉〉〉〉

-7.211〈〈〈〈ΦΦΦΦosc |H’|ΦΦΦΦosc 〉〉〉〉

Energy (MeV)Method



9E243E1416O

4E196E1112C

5E134E88B

9E64E44He

7 shells4 shells Nucleus

Many-particle correlation problem in atoms, molecul es, nuclei, 
and other many-body systems is extremely complex … 
Dimensions of the full CI spaces for many-electron systems

Dimensions of the full shell model spaces for nucle i

Full CI = Full Shell Model (=exact solution of the Schrödinger equation in a finite 
basis set) has a FACTORIAL scaling with the system size ( “N! catastrophe” )

APPROXIMATE METHODS THAT PROVIDE AN ACCURATE DESCRI PTION OF MANYAPPROXIMATE METHODS THAT PROVIDE AN ACCURATE DESCRI PTION OF MANY--
PARTICLE CORRELATION EFFECTS WITH RELATIVELY LOW CO STS ARE NEEDEPARTICLE CORRELATION EFFECTS WITH RELATIVELY LOW CO STS ARE NEEDEDD



COUPLEDCOUPLED--CLUSTER (CC) FORMALISMSCLUSTER (CC) FORMALISMS

SINGLESINGLE--REFERENCE (SR) CCREFERENCE (SR) CC

(single reference determinant)(single reference determinant)

••GroundGround --state CCstate CC

••ExcitedExcited --state CC, EOMCC,  state CC, EOMCC,  
response CC, SACresponse CC, SAC --CICI

••BiBi --variationalvariational CC, ECCCC, ECC

••Renormalized CC, CRRenormalized CC, CR --CCCC

MULTIMULTI--REFERENCE (MR) CCREFERENCE (MR) CC

(multiple references; ground and (multiple references; ground and 
excited states)excited states)

••Genuine:Genuine:

FockFock --space or valencespace or valence --
universal MRCCuniversal MRCC

HilbertHilbert --space or statespace or state --
universal MRCCuniversal MRCC

••StateState --selective or stateselective or state --specific specific 
MRCC MRCC (several formulations)(several formulations)

EXTERNALLYEXTERNALLY --CORRECTED CCCORRECTED CC

(mix SRCC or MRCC with non(mix SRCC or MRCC with non --CC CC 
wave functions)wave functions)

ACTIVEACTIVE--SPACE CC or EOMCCSPACE CC or EOMCC

(mix SRCC/EOMCC with elements of (mix SRCC/EOMCC with elements of 
MRCC)MRCC)

GENERALIZED CC (???)GENERALIZED CC (???)

(single(single -- or multior multi --determinantaldeterminantal reference, generalized form of the cluster operator  reference, generalized form of the cluster operator  
adjusted to the Hamiltonian, virtually exact, but n ot well underadjusted to the Hamiltonian, virtually exact, but n ot well under stood)stood)

SINGLESINGLE--REFERENCE (SR) CCREFERENCE (SR) CC

(single reference determinant)(single reference determinant)

••GroundGround --state CCstate CC

••ExcitedExcited --state CC, EOMCC,  state CC, EOMCC,  
response CC, SACresponse CC, SAC --CICI

••BiBi --variationalvariational CC, ECCCC, ECC

••Renormalized CC, CRRenormalized CC, CR --CCCC

MULTIMULTI--REFERENCE (MR) CCREFERENCE (MR) CC

(multiple references; ground and (multiple references; ground and 
excited states)excited states)

••Genuine:Genuine:

FockFock --space or valencespace or valence --
universal MRCCuniversal MRCC

HilbertHilbert --space or statespace or state --
universal MRCCuniversal MRCC

••StateState --selective or stateselective or state --specific specific 
MRCC MRCC (several formulations)(several formulations)



1 42 3 TT TTe + + + +Ψ = ΦL

3 4 estimated from perturbation theo [CCSDT-1, CCSD(T), CCSD(TQ),ry  e c ], , t .T T K

3 4 extracted from non-CC wave func externally corrected C, C methoti d, sonT T ⇒K
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State-universal multi-reference CC (SUMRCC)[SUMRCCSD, 
SUMRCCSD(1),CR-SUMRCC,MM-SUMRCC, etc.] 

Mukherjee’s multi-reference CC(Mk-MRCC)

Brillouin-Wigner multi-reference CC(BW-MRCC), etc.



ionsapproximat,ryexact theo ⇒<⇒= NmNm AA

←←←← iterative N6

←←←← iterative N8

←←←← iterative N10

To reduce prohibitive computer costs of CCSDT, CCSD TQ, etc., oneTo reduce prohibitive computer costs of CCSDT, CCSD TQ, etc., one
usually approximates Tusually approximates T 33, T, T44, etc. This can be done through, e.g., , etc. This can be done through, e.g., nonnon --
iterative corrections to CCSD energiesiterative corrections to CCSD energies , as in the , as in the CCSD(T), CCSD(TQ),      CCSD(T), CCSD(TQ),      
CRCR--CC(2,3), CRCC(2,3), CR--CC(2,4), CCSD(2), etc. CC(2,4), CCSD(2), etc. approximations.approximations.

SINGLESINGLE--REFERENCE COUPLEDREFERENCE COUPLED--CLUSTER (CC) THEORYCLUSTER (CC) THEORY
(F. Coester, 1958; F. Coester and H. Kümmel, 1960; J . Čížek, 1966,1969; J. Čížek and J. Paldus, 1971)

1p-1h, singles (S) 2p-2h, doubles (D) 3p-3h, triples (T)

←←←← iterative N6

plus non-
iterative N7 or N9

CPU time CPU time 
scaling with the scaling with the 
system sizesystem size



kp-kh

(J. Čížek, 1966)





Arguments in favor of CC: Arguments in favor of CC: SeparabilitySeparability or size consistency or size consistency 
(provided that the reference state separates correc tly)(provided that the reference state separates correc tly)



Arguments in favor of CC: CC vs. CIArguments in favor of CC: CC vs. CI

CI expansionCI expansion CC expansionCC expansion

CC up to 3p-3h excitations in T ~ CI up to 4p-4h excitations in C

CIS = CI(1p-1h)

CISD = CI(2p-2h)

CISDT = CI(3p-3h)

CISDTQ = CI(4p-4h)

CCSDT



Arguments in favor of CC: Linked and connected clus ter theoremsArguments in favor of CC: Linked and connected clus ter theorems

Linked cluster (diagram) theorem (Brueckner, 1955; 
Goldstone, 1957; Hubbard, 1957,1958; Hugenholtz, 19 57)

Connected cluster theorem (Hubbard, 1957,1958)

CC THEORY LEADS TO SIZECC THEORY LEADS TO SIZE --EXTENSIVE APPROXIMATIONSEXTENSIVE APPROXIMATIONS

MBPT



Arguments in favor of CC: CC vs. MBPTArguments in favor of CC: CC vs. MBPT



COUPLEDCOUPLED--CLUSTER METHODS PROVIDE THE EXCELLENT COMPROMISE CLUSTER METHODS PROVIDE THE EXCELLENT COMPROMISE 
BETWEEN HIGH ACCURACY AND RELATIVELY LOW COMPUTER C OST …BETWEEN HIGH ACCURACY AND RELATIVELY LOW COMPUTER C OST …



EXAMPLES OF SINGLEEXAMPLES OF SINGLE --REFERENCE CC METHODS THAT ARE REFERENCE CC METHODS THAT ARE 
PARTICULARLY USEFULPARTICULARLY USEFUL

(CCSD) (ref) (CCSD)E E E= + ∆

( )CCSD

, ,

a i ab ij
i a ij ab

i a i j a b

E f t v τ
< <

∆ = +∑ ∑
ij ij i j j i
ab ab a b a bt t t t tτ = + −

(CR-CC(2,3)) (ref) (CR-CC(2,3)) (ref) (CCSD) (2,3)E E E E E Eδ= + ∆ = + ∆ +
( )2,3

,

abc ijk
ijk abc

i j k a b c

Eδ
< < < <

= ∑ l M

CCSD(T)CCSD(T) –– CCSD plus correction due to TCCSD plus correction due to T 33, ‘gold standard’ of quantum chemistry;, ‘gold standard’ of quantum chemistry;
CRCR--CC(2,3)CC(2,3) –– CCSD plus correction due to TCCSD plus correction due to T 33, ‘black, ‘black --box’ extension of CCSD(T) to single box’ extension of CCSD(T) to single 
bond breaking and bond breaking and biradicalsbiradicals ; recover >99 % of the correlation energy (‘chemica l accuracy’); recover >99 % of the correlation energy (‘chemica l accuracy’)

CCSD CCSD –– basic CC method; recovers bulk, often >90%, of the correlation basic CC method; recovers bulk, often >90%, of the correlation energy; energy; 
also needed to define a posteriori Talso needed to define a posteriori T 33 correctionscorrections

(CCSD)ijk abc
abc ijk H= Φ ΦM 2( )ijk abc

abc ijk N CV T= Φ ΦM

( )

( ) ( ) ( )

CCSD
1 2

CCSD CCSD CCSD
1 2 2 1 2 2

(1 )

[( ) ( ) ( ) ]

abc abc ijk
ijk ijk abc

abc ijk
DC DC C ijk abc

H D

H H H D

= Φ + Λ + Λ Φ

= Φ Λ + Λ + Λ Φ

l

3(CCSD) (CCSD)(CCSD)

1

ijk abc abc
abc ijk ijk n

n

D E H H
=

= − Φ Φ = −∑

† †
1 2[( ) ( ) ]abc abc ijk

ijk N DC N C ijk abcT V T V D= Φ + Φl

ijk
abc i j k a b cD ε ε ε ε ε ε= + + − − −

( ) ( )1 2 1 2 1 2CCSD T T T T T T

C
H He e He+ − − += =

CRCR--CC(2,3)CC(2,3) CCSD(T)CCSD(T)



Example: The DBH24 Representative Benchmark Suite f or Example: The DBH24 Representative Benchmark Suite f or 
ThermochemicalThermochemical KineticsKinetics

HeavyHeavy--Atom Atom 
TransferTransfer

NucleophilicNucleophilic
SubstitutionSubstitution

UnimolecularUnimolecular and and 
AssociationAssociation

Hydrogen TransferHydrogen Transfer

(kcal/mol)

(J. Zheng, Y. Zhao, and D.G. Truhlar, J. Chem. Theo ry Comput., 2007)



Performance of various CC methods and basis sets fo r the DBH24 Performance of various CC methods and basis sets fo r the DBH24 
benchmark suite for benchmark suite for thermochemicalthermochemical kineticskinetics

(reported as errors relative to benchmark values in kcal/mol)

(J. Zheng, J.R. Gour, J.J. Lutz, M. Wloch, P. Piecuc h and D.G. Truhlar, J. Chem. Phys., 2008)



Reactions relevant to gasReactions relevant to gas --phase chemistry of phase chemistry of SiCSiC
(Y. Ge, M.S. Gordon, and P. Piecuch, J. Chem. Phys. , 2007)

CCL =

CR-CC(2,3)



……………

9.44.14.2Av. %Err.

325532703282336121

2383583623614

1683403342783

157i161147612

411i122i129i139i1

CCSD(T)CR-CC(2,3)CR-CCSD(T)MRCI (Isborn et al., 2004)vib mode

D

D D

D

trans-1 trans-1'

D

D D D

trans-1 cis-1

D D

D D

cis-1 cis-1

Example: Thermal Example: Thermal StereomutationsStereomutations of Cyclopropaneof Cyclopropane

(1.496)(1.087)

116.1o

H1

H4

H2

H6

H5

H3

C1

C2

C3

1.081

1.100

121.6o

φH1-C1-C2-C3= 0.0o (0.0o) 0.0o [0.0]

1.495

(1.087)

1.081

(118.7o)

(122.0o)

(1.105)

φH5-C3-C2-C1= 0.0o (0.0o) 0.0o [0.0]

[1.091]

[1.102]

[1.532]

[1.088]

[105.8o]

[120.8o]

1.088

1.105

1.500

1.088121.9o

117.8o

MRCI

(CR-CCSD(T))

[CCSD(T)]

CR-CC(2,3),A

Trimethylene biradical (TS1)

(A. Kinal, P. Piecuch, M.J. McGuire, and M. Włoch, i n preparation)

MRCI(Q) CR-CCSD(T) Experiment

∆∆∆∆Hgeom
‡ 59.7 67.8 63.6 ± 0.5

CRCR--CC(2,3) : 63.3 kcal/molCC(2,3) : 63.3 kcal/mol
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THE HNOO CONTROVERSY

•LBSW: P. Ling, A.I. Boldyrev, J. Simons, and C.A. Wight, “Laser Photolysis of Matrix-Isolated Methyl 
Nitrate: Experimental and Theoretical Characterizat ion of the Infrared Spectrum of Imine
Peroxide ( HNOO),” J. Am. Chem. Soc. 120, 12327 (1998).

•LGDS: S.L. Laursen, J.E. Grace Jr., R.L. DeKock, and S.A.  Spronk, “Reaction of NH (X) with Oxygen in 
a Solid Xenon Matrix: Formation and Infrared Spectr um of Imine Peroxide, HNOO,” J. Am. 
Chem. Soc. 120, 12583 (1998).

R.L. DeKock, M.J. McGuire, P. Piecuch, W.D. ALLEN, H.F. SCHAEFER III , K. Kowalski, S.A. Kucharski, M. Musiał, A.R. 
Bonner, S.A. Spronk, D.B. Lawson, and S.L. Laursen,  J. Phys. Chem. A (2004)

1485.5not observedνννν2 (HNO bend)

3165.53287.7νννν1 (NH stretch)

Exp.:LGDSExp: LBSWFundamental Frequency

1054.5843.2νννν4 (OO stretch)

1092.31381.6νννν3 (NO stretch)

764.0790.7νννν6 (torsion)

not observed670.1νννν5 (NOO bend) 

1499149415091492

3188318831983189

CCSDT-3(Qf)CCSD(TQf)CR-CCSD(T)CCSD(T)

1071104710781042

1126112311161147

757757777764

650650653650



••CODE PARALLELIZATIONCODE PARALLELIZATION

Example: CCSD(T) or CRExample: CCSD(T) or CR --CC(2,3): CPU time scaling: CC(2,3): CPU time scaling: NN77

In order to triple the system size without increasing the CPU time one needs 3377 = 2187= 2187
processors (assuming perfect scalability)

PARALLELIZATION ALONE IS NOT SUFFICIENT (!)PARALLELIZATION ALONE IS NOT SUFFICIENT (!)

ONE MUST ATTACK INTRINSIC POWER SCALING LAWS CAUSED, IN 
PARTICULAR, BY THE USE OF DELOCALIZED MOLECULAR ORBITALS.

HINT:HINT:

ELECTRON CORRELATIONS IN NON-METALLIC SYSTEMS ARE LOCAL

USE LOCALIZED ORBITALS AND LIMIT EXCITATIONS TO LOC AL ORBITAL USE LOCALIZED ORBITALS AND LIMIT EXCITATIONS TO LOC AL ORBITAL 
DOMAINS THAT (HOPEFULLY) DO NOT GROW WITH THE SYSTE M SIZEDOMAINS THAT (HOPEFULLY) DO NOT GROW WITH THE SYSTE M SIZE

••LOCAL CORRELATION METHODS LOCAL CORRELATION METHODS ANDAND LINEAR SCALING ALGORITHMSLINEAR SCALING ALGORITHMS

CAN WE EXTEND CC METHODS TO LARGE MOLECULAR SYSTEMS ?CAN WE EXTEND CC METHODS TO LARGE MOLECULAR SYSTEMS ?



CCnnHH2n+22n+2, 6, 6--31G(d)31G(d)

-4.70466-4.70297--4.56551-4.56362-4839732

-4.11817-4.11673--3.99662-3.99501-4238528

-3.53167-3.53049--3.42772-3.42639-3637324

-2.94518-2.94426--2.85883
(99.90%)

-2.85778
(99.86%)

-2.861703036120

-2.35811
(100.04%)

-2.35779
(100.02%)

-2.35724-2.28932
(99.90%)

-2.28888
(99.88%)

-2.291682434916

-1.77180
(100.02%)

- 1.77160
(100.01%)

-1.77148-1.72062
(99.92%)

-1.72032
(99.90%)

-1.722011833712

CIM 
(level 2)a

CIM 
(level 1)a

Canonical
CIM 

(level 2)a
CIM 

(level 1)a
Canonical

CRCR--CC(2,3) Correlation Energy/HCC(2,3) Correlation Energy/HCCSD Correlation Energy/HCCSD Correlation Energy/H

nnuunnoonn

a The numbers in parentheses represent the fractions of the canonical correlation energies recovered by the 
CIM approach. In level 1 of the CIM theory, 

�
1=0.01 and 

�
2=0.05; in level 2, 

�
1=0.01 and 

�

2=0.02

27/79499.4 (12.0)101.1 (5.1)[39700]49.8 (1.2)9.9 (0.6)[2300]32

23/67421.5 (12.0)111.1 (8.2)[15683]38.5 (1.0)8.8 (0.6)[1038]28

19/55289.3 (10.0)69.9 (4.0)[5383]28.6 (1.5)7.2 (0.4)[418]24

15/43244.3 (13.8)57.0 (5.2)[1530]24.3 (1.5)5.8 (0.5)143.220

11/1192.9 (15.7)43.0 (4.8)330.98.0 (1.1)3.1 (0.4)41.316

7/746.0 (8.0)29.3 (6.5)49.03.6 (0.7)3.3 (0.7)8.812

CIM
(level 2) a

CIM
(level 1) a

Canonical
CIM

(level 2) a
CIM

(level 1) a
Canonical 

No. of No. of 
SubsystemsSubsystems

CRCR--CC(2,3) triples/CPU hoursCC(2,3) triples/CPU hoursCCSD Iterations/CPU hoursCCSD Iterations/CPU hours

nn

a The numbers in parentheses represent the CPU times required by the calculations for the largest CIM 
subsystems. In level 1 of the CIM theory, 

�
1=0.01 and 

�
2=0.05; in level 2, 

�
1=0.01 and 

�
2=0.02

LINEAR SCALING LOCAL CORRELATION CC METHODS: LINEAR SCALING LOCAL CORRELATION CC METHODS: 
CLUSTERCLUSTER--ININ--MOLECULE (CIM) CCSD, CCSD(T), AND CRMOLECULE (CIM) CCSD, CCSD(T), AND CR --CC(2,3) APPROACHESCC(2,3) APPROACHES

[W. Li, P. Piecuch, and J.R. Gour, AIP Proceedings,  2009; W. Li,[W. Li, P. Piecuch, and J.R. Gour, AIP Proceedings,  2009; W. Li, P. Piecuch, J.R. Gour, and S. Li, J. Chem. Phys., 2 009; P. Piecuch, J.R. Gour, and S. Li, J. Chem. Phys., 2 009; 
W. Li, P. Piecuch, and J.R. Gour, W. Li, P. Piecuch, and J.R. Gour, ProgProg . . TheorTheor . Chem. Phys., 2009; W. Li and P. Piecuch, J. Phys.  Chem. A, 201. Chem. Phys., 2009; W. Li and P. Piecuch, J. Phys.  Chem. A, 201 0 (x2)]0 (x2)]



LINEAR SCALING LOCAL CORRELATION CC METHODS: LINEAR SCALING LOCAL CORRELATION CC METHODS: 
CLUSTERCLUSTER--ININ--MOLECULE (CIM) CCSD, CCSD(T), AND CRMOLECULE (CIM) CCSD, CCSD(T), AND CR --CC(2,3) APPROACHESCC(2,3) APPROACHES

CCnnHH2n+22n+2, 6, 6--31G(d)31G(d)

[W. Li, P. Piecuch, and J.R. Gour, AIP Proceedings,  2009; W. Li,[W. Li, P. Piecuch, and J.R. Gour, AIP Proceedings,  2009; W. Li, P. Piecuch, J.R. Gour, and S. Li, J. Chem. Phys., 2 009; P. Piecuch, J.R. Gour, and S. Li, J. Chem. Phys., 2 009; 
W. Li, P. Piecuch, and J.R. Gour, W. Li, P. Piecuch, and J.R. Gour, ProgProg . . TheorTheor . Chem. Phys., 2009; W. Li and P. Piecuch, J. Phys.  Chem. A, 201. Chem. Phys., 2009; W. Li and P. Piecuch, J. Phys.  Chem. A, 201 0 (x2)]0 (x2)]

~N6 ~N7

~N ~N

~N~N



CC1212HH2626→→ CC1111HH2323+CH+CH33 CC1212HH2626→→ CC1111HH2323+CH+CH33CC1212HH2626→→ CC1111HH2323+CH+CH33

NPE=1.866 mH

NPE=0.725 mH

NPE=0.371 mH

NPE=0.588 mH

R(C 1
-C 2

)

CCnnHH2n+22n+2, 6, 6--31G(d)31G(d)

LINEAR SCALING LOCAL CORRELATION CC METHODS: LINEAR SCALING LOCAL CORRELATION CC METHODS: 
CLUSTERCLUSTER--ININ--MOLECULE (CIM) CCSD, CCSD(T), AND CRMOLECULE (CIM) CCSD, CCSD(T), AND CR --CC(2,3) APPROACHESCC(2,3) APPROACHES

[W. Li, P. Piecuch, and J.R. Gour, AIP Proceedings,  2009; W. Li,[W. Li, P. Piecuch, and J.R. Gour, AIP Proceedings,  2009; W. Li, P. Piecuch, J.R. Gour, and S. Li, J. Chem. Phys., 2 009; P. Piecuch, J.R. Gour, and S. Li, J. Chem. Phys., 2 009; 
W. Li, P. Piecuch, and J.R. Gour, W. Li, P. Piecuch, and J.R. Gour, ProgProg . . TheorTheor . Chem. Phys., 2009; W. Li and P. Piecuch, J. Phys.  Chem. A, 201. Chem. Phys., 2009; W. Li and P. Piecuch, J. Phys.  Chem. A, 201 0 (x2)]0 (x2)]



(H(H22O)O)1414 (H(H22O)O)1616

Canonical CCSD: 1758-1870 min
CIM CCSD level 1: 30-70 min; 2-9 min/subsystem
CIM CCSD level 2: 54-153 min; 5-17 min/subsystem
CIM CCSD level 3: 204-474 min; 21-89 min/subsystem

Canonical CCSD: 4045-4265 min
CIM CCSD level 1: 45-99 min; 3-10 min/subsystem
CIM CCSD level 2: 74-229 min; 5-19 min/subsystem
CIM CCSD level 3: 324-724 min; 28-67 min/subsystem



(a)
On-top

TS(b)

(c)
Back-bond (Si1-Si6)

TS(d)

(e)
Back-bond (Si3-Si6)

50.7 kcal/mol
44.3 kcal/mol

74.4 kcal/mol
66.2 kcal/mol

3.5 kcal/mol
3.8 kcal/mol

SECIM(ζ→ζ→ζ→ζ→0)-CR-CC(2,3)/6-311G(d)
CCSD(T)/6-31G(d)

50.0 kcal/mol
28.0 kcal/mol

0.0 kcal/mol
0.0 kcal/mol
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DIFFUSION OF ATOMIC OXYGEN ON THE DIFFUSION OF ATOMIC OXYGEN ON THE 
Si(100) SURFACESi(100) SURFACE
[P. Arora, W. Li, P. Piecuch, J.W. Evans, M. Albao,  and M.S. 
Gordon, J. Phys. Chem. C, 2010]

The SIMOMM model of Si15H16 QM region 
embedded in an Si136H92 MM cluster. The region 
inside the red box represents the QM cluster.



Basic approximation: EOMCCSD

EXCITED STATES:  EQUATION-OF-MOTION CC (EOMCC) THEO RY, 
SYMMETRY-ADAPTED-CLUSTER CONFIGURATION INTERACTION 

APPROACH (SAC-CI), AND RESPONSE CC METHODS
(H. Monkhorst, 1977; D. Mukherjee and P.K. Mukherje e, 1979; H. Nakatsuji and K. Hirao, 1978; K. Emrich , 1981)

Higher-order iterative methods: EOMCCSDT, EOMCCSDTQ, etc., or non-
iterative corrections, such as CR-EOMCCSD(T), CR-EOMCC(2,3), etc.

Example: EOMCCExample: EOMCC



Particle (Electron) Attached and Particle Removed ( Ionized) EOMCC Methods

Particle Attaching (EA or PA)

Particle Removing (IP or PR)

Solve the Eigenvalue Problem



0.740.650.660.95a 4

�–
4.04

3.27

3.00

EOMCCSDTQ

3.944.075.29C 2

�+ 3.233.274.41B 2

�– 2.883.023.33A 2 � ExperimentEOMCCSDTEOMCCSDState

Adiabatic excitation energies of the CH radical  (in eV) [S. Hirata, 2004]

Vertical excitation energies of CH+ and C2 (in eV) [K. Kowalski and P. Piecuch, 2001, 2002]



(K. Kowalski and P. Piecuch, J. Chem. Phys., 2004)







µz

(D)

Dipole Moment Function of Ammonia

N

H
H

H



Bare Hamiltonian (N 3LO, Argonne V18, etc.)

Renorm. Hamiltonian (V low k, VUCOM, G-matrix, etc.)

Center of mass corrections ( H � = Hint+ββββ Hcm)

Sorting 1- and 2-body integrals of H

CCSD (ground state)
t-amplitude equations

Properties
ΛΛΛΛ equations

Triples and 
quadruples

energy 
corrections

EOMCCSD (excited states)
r-amplitude equations

CR-CCSD(T),
CR-CC(2,3), CR-CC(2,4)

Properties
l- and r-

amplitude
equations

Triples and
quadruples

energy 
corrections

CR-EOMCCSD(T),
CR-CC(2,3), CR-CC(2,4)

PR-EOMCCSD (A-1)
1h, 2h-1p, & 3h-2p r -amplitude eqs .

PA-EOMCCSD (A+1)
1p, 2p-1h, & 3p-2h r -amplitude eqs .

(A(A→→→→→→→→ AA--1, A+1)1, A+1)

Effective Hamiltonian for heavier 
nuclei (e.g., GXPF1A)



Comparison of Shell 
Model and Coupled-

Cluster Results for the 
Total Binding Energies 

of 4He and 16O 
(Argonne V8

�)
(M. Włoch, P. Piecuch, M. Horoi, M. 

Hjorth-Jensen, unpublished)

The coupled-cluster 
approach accurately 
reproduces the very 
expensive full shell model 
results at a fraction of a 
cost.

CR-CC(2,3)



Ground and Excited States of 16O (Idaho-A, N3LO, G-matrix)

Ground State
Idaho-A Binding Energy, No Coulomb: -7.46 MeV/nucle on (CCSD), -7.53 MeV/nucleon (CR-CCSD(T))
Approx. Coulomb: +0.7 MeV/nucleon
Idaho-A + Approx. Coulomb: -6.8 MeV/nucleon
N3LO (with Coulomb): -7.0 MeV/nucleon
Experiment: -8.0 MeV/nucleon  (approx. -1 MeV due to three-body interations and, pe rhaps, 
remaining center-of-mass contaminations)

J=3- Excited State
Idaho-A Excitation Energy: 11.3 MeV (EOMCCSD)

12.0 MeV (CR-EOMCCSD(T))
Experiment: 6.12 MeV (5-6 MeV difference due to three-body interactions a nd, to some extent, 
remaining center-of-mass contaminations)

M. Włoch, D.J. Dean, 
J.R. Gour,  M. Hjorth-
Jensen, K. Kowalski, T. 
Papenbrock, and P. 
Piecuch, Phys. Rev. 
Lett., 2005.



Ground-state properties of 16O, Idaho-A

Form factor

Exp.: 2.73±0.025 fm
CCSD: 2.51 fm

M. Włoch, D.J. Dean, 
J.R. Gour,  M. Hjorth-
Jensen, K. Kowalski, T. 
Papenbrock, and P. 
Piecuch, Phys. Rev. 
Lett., 2005.



Ground and Excited States of Valence Nuclei Around 16O with Various 
Potentials

(J.R. Gour, P. Piecuch, M. Hjorth-Jensen, M. Włoch,  and D.J. Dean, Phys. Rev. C, 2006)

Binding Energy per Nucleon (MeV)

Excitation Energies (MeV)

• The non-local N3LO and CD-
Bonn interactions give much 
stronger binding than the local 
Argonne V18 interaction.

• The different binding energies 
and spin-orbit splittings indicate 
that different potentials require 
different 3-body interactions. 
Excitation energies of the A=15 
systems obtained with N3LO are 
excellent.

• The relative binding energies of 
these nuclei for the various 
potentials are in good agreement 
with each other and with 
experiment.



211s

3 21p

1 21p

5 21d

Return to 3- state of 16O
(J.R. Gour, P. Piecuch, M. Hjorth-Jensen, M. Włoch,  and D.J. Dean, Phys. Rev. C, 2006)



211s

3 21p

1 21p

5 21d

211s

� The 3- state is dominated by a  single excitation from the1p1/2 level to 
the 1d5/2 level. Thus, the energy difference between these shells 
gives a zero-order estimate of the excitation energy of the 3- state.

Return to 3- state of 16O
(J.R. Gour, P. Piecuch, M. Hjorth-Jensen, M. Włoch,  and D.J. Dean, Phys. Rev. C, 2006)

5/2 1/21 1 (3 ) ( . .)d p E E g sε ε ε −∆ = − ≈ −



211s

3 21p

1 21p

5 21d

5/2 1/21 1 (3 ) ( . .)d p E E g sε ε ε −∆ = − ≈ −

1/2

16 15
1p BE( O) BE( O)ε = −

5/2

16 17
1d BE( O) BE( O)ε = −

211s

� The 3- state is dominated by a  single excitation from the1p1/2 level to 
the 1d5/2 level. Thus, the energy difference between these shells 
gives a zero-order estimate of the excitation energy of the 3- state.

� Using the experimental and CC binding energies of the valence 
systems around 16O to determine this energy gap gives 11.5 and 
15.8 MeV, respectively. 

Return to 3- state of 16O
(J.R. Gour, P. Piecuch, M. Hjorth-Jensen, M. Włoch,  and D.J. Dean, Phys. Rev. C, 2006)



Inclusion of NNN interactions: Inclusion of NNN interactions: 44He He 
(proof(proof --ofof --principle)principle)
(G. Hagen, T. (G. Hagen, T. PapenbrockPapenbrock , D.J. Dean, A. , D.J. Dean, A. SchwenkSchwenk , A. , A. 
NoggaNogga , M. , M. WWłłochoch , and P. Piecuch, Phys. Rev. C, 2007), and P. Piecuch, Phys. Rev. C, 2007)

00--body 3NFbody 3NF 11--body 3NFbody 3NF

22--body 3NFbody 3NF residual 3NFresidual 3NF

-28.20(5) MeV, exact (3NF channel with 
T=1/2, J=1/2, positive parity)

N → ∞∞∞∞ CCSD(T): -28.24 MeV

(derived from 
Argonne V18) (based on the 

leading chiral 3NF)



•• Comparison of the CRComparison of the CR --CC(2,3) and ITCC(2,3) and IT --CI(4pCI(4p--4h)+MRD results with the 4h)+MRD results with the 
HartreeHartree --FockFock basis for various model spacesbasis for various model spaces

Open symbols:     
IT-CI(4p-4h)+MRD

Closed symbols: 
CR-CC(2,3)

Ground State of Ground State of 1616O Using VO Using V UCOMUCOM
(R. Roth, J.R. Gour, and P. Piecuch, Phys. Rev. C, 2009 )

5 shells

6 shells

7 shells

8 shells



•• Analysis of the effect of Analysis of the effect of HartreeHartree --FockFock vs. harmonic oscillator basis vs. harmonic oscillator basis 
functions with the CC and ITfunctions with the CC and IT --CI(4pCI(4p--4h) approaches4h) approaches

Blue: CCSD – HO
Red: CR-CC(2,3) – HO
Green: IT-CI(4p-4h) – HO
Violet: IT-CI(4p-4h) – HF
Light Blue: IT-CI(4p-4h)+MRD - HF

Blue: CR-CC(2,3) – HO
Red: CR-CC(2,3) – HF
Green: IT-CI(4p-4h)+MRD – HF

6 shells 6 shells

Ground State of Ground State of 1616O Using VO Using V UCOMUCOM
(R. Roth, J.R. Gour, and P. Piecuch, Phys. Rev. C, 2009 )



Ground State of Ground State of 1616O Using VO Using V UCOMUCOM
(R. Roth, J.R. Gour, and P. Piecuch, Phys. Rev. C, 2009 )

IT-NCSM(4p-4h)

IT-NCSM(4p-4h)+MRD

NCSM

--130 130 ±±±±±±±± 2 2 MeVMeV
(8.0(8.0--8.25 8.25 MeVMeV
per nucleonper nucleon

Experiment: Experiment: --127.619 127.619 MeVMeV. CBS. CBS--CRCR--CC(2,3) rough estimate: (CC(2,3) rough estimate: ( --141) 141) -- ((--131) 131) MeVMeV
(7.976 MeV per nucleon)                      (8.2-8. 8 MeV per nucleon)



CenterCenter --ofof --Mass (CM) Problem in Truncated CC and CI Mass (CM) Problem in Truncated CC and CI 
calculations: Ground States of calculations: Ground States of 44He and He and 1616O Using VO Using V UCOMUCOM

(R. Roth, J.R. Gour, and P. Piecuch, Phys. Lett. B,  2009)

In the exact theory (equivalent to full CI in infin ite basis set), the total wave function 
of the nucleus factorizes,

The same is true in NCSM calculations, but no longe r generally true in truncated CC 
and CI calculations (even when basis set is infinit ely large).

The Lawson prescription for suppressing the CM cont aminationsThe Lawson prescription for suppressing the CM cont aminations



Some popular beliefs:Some popular beliefs:

••The effect of the CM contaminations varies as 1/A, so the probleThe effect of the CM contaminations varies as 1/A, so the proble m is m is 
limited to light nuclei.limited to light nuclei.

••CC methods, accounting for higherCC methods, accounting for higher --order correlation effects beyond order correlation effects beyond 
a CI model space truncated at the same excitation l evel via proda CI model space truncated at the same excitation l evel via prod ucts ucts 
of cluster operators, have smaller CM contamination s than the of cluster operators, have smaller CM contamination s than the 
analogous CI methods.analogous CI methods.

••The smallness of the expectation value of The smallness of the expectation value of HHcmcm for sufficiently large for sufficiently large ββββββββ
guarantees the decoupling of the CM and intrinsic d egrees of guarantees the decoupling of the CM and intrinsic d egrees of 
freedom.freedom.

••The expectation value of The expectation value of HHcmcm at at ββββββββ=0 =0 provides a quantitative measure provides a quantitative measure 
of the impact of CM contamination on intrinsic obse rvables.of the impact of CM contamination on intrinsic obse rvables.



CenterCenter --ofof --Mass DiagnosticsMass Diagnostics
(R. Roth, J.R. Gour, and P. Piecuch, Phys. Lett. B,  2009)

Secondary diagnostic:Secondary diagnostic: , 0β >
[when the many-body state  factorizes,                vanishes]Ψ

WARNING:WARNING: DOES NOT PROVIDE DEFINITIVE DOES NOT PROVIDE DEFINITIVE 
INFORMATION, SINCE IT CAN ASSUME ANY POSITIVE VALUE  FOR INFORMATION, SINCE IT CAN ASSUME ANY POSITIVE VALUE  FOR 
FACTORIZABLE MANYFACTORIZABLE MANY --BODY STATESBODY STATES

Primary diagnostic:                                             Primary diagnostic:                                             , where, where

[when the many-body state  factorizes,                     ]Ψ



Example: Ground State of Example: Ground State of 1616O Using VO Using V UCOMUCOM
(R. Roth, J.R. Gour, and P. Piecuch, Phys. Lett. B,  2009)

Lesson 1: The smallness of                   is not sufficien t to 
claim that the CM and intrinsic motions decouple.



Lesson 2: The value of                   
cannot be used to quantify 
the degree of CM 
contaminations.

Lesson 3: The CM 
contaminations may remain 
substantial for larger single-
particle basis sets.

Lesson 4: The inclusion of 
higher-order correlation 
effects via the exponential 
CC ansatz does not 
necessarily reduce the CM 
contaminations compared to 
the analogous CI 
calculations.



Lesson 5: The popular belief 
that the CM contaminations 
are suppressed as 1/A is 
questionable; other factors, 
such as the accuracy of a 
given many-body method 
relative to full CI may 
counteract a 1/A scaling   
[e.g., for the 4-particle 4He system, 
the CR-CC(2,3) and IT-CI(4p4h) 
methods in the limit of an infinite 
single-particle basis set lead to 
virtually exact and factorized wave 
functions in spite of the lightness of 
4He; the same approaches are not 
exact for the heavier 16O, leading to 
substantial CM contaminations] .

Example: Ground State of Example: Ground State of 44He Using VHe Using V UCOMUCOM
(R. Roth, J.R. Gour, and P. Piecuch, Phys. Lett. B,  2009 )



Coupled-Cluster Calculations for 56Ni
• The calculations were performed within the pf shell, making it 

possible to perform full CI calculations for comparison

1s

3 21d

1p

1d
2s

1f
2p

211s

3 21p
1 21p

5 21d

1 22s

271f

3 22p5 21f
1 22p

1st Major Shell

2nd Major Shell

3rd Major Shell

4th Major Shell
Unoccupied states:
2p3/2, 1f5/2, 2p1/2

Occupied states:
1f7/2



Coupled-Cluster Calculations for 56Ni
• The calculations were performed within the pf shell, making it 

possible to perform full CI calculations for comparison

� The gap 

�
G was varied to test to the perfomance of the CC methods

� Calculations were performed using the GXPF1A effective 
Hamiltonian, which is parameterized to fit experimental data  for a 
variety of nuclei in the A=47 to A=66 region

1s

3 21d

1p

1d
2s

1f
2p

211s

3 21p
1 21p

5 21d

1 22s

271f

3 22p5 21f
1 22p

∆G

1st Major Shell

2nd Major Shell

3rd Major Shell

4th Major Shell
Unoccupied states:
2p3/2, 1f5/2, 2p1/2

Occupied states:
1f7/2



Coupled-Cluster Calculations for 56Ni

M. Horoi, J. R. Gour, M. Włoch, M. D. Lodriguito, B . A. Brown, and P. Piecuch, Phys. Rev. Lett., 2007

Iterative N6, non-iterative N7

Iterative N10



Excitations in  57Ni

J. R. Gour, M. Horoi, P. Piecuch, B. A. Brown, Phys . Rev. Lett. 2008

N10

N 7

N10

N 7

N10



Av. errors (eV):  1.33               0.20

SingleSingle--reference CC methods can be very successful,reference CC methods can be very successful,
but there are situations where one has to use multibut there are situations where one has to use multi--reference approaches:reference approaches:

Example: excited states of metallic clusters (Be3)
(K. Kowalski et al., J. Chem. Phys. 2005, P. Piecuc h et al., Int. J. Quantum Chem., 2006)







(1974/75 - )

(1981)

(1988-1995)



The X The X 33BB1 1 (1 (1 33BB11) ) –– A A 11AA11 (1 (1 11AA11) and 1 ) and 1 11AA11 –– 2 2 11AA1 1 energy gaps in energy gaps in methylenemethylene (CH(CH22))

Active Active orbitalsorbitals : HOMO (: HOMO (3a3a11), LUMO (), LUMO (1b1b11); two active electrons); two active electrons

[Piecuch, Li, and Paldus, 1994; Piecuch and [Piecuch, Li, and Paldus, 1994; Piecuch and LandmanLandman , 2000, Kowalski and Piecuch, 2001], 2000, Kowalski and Piecuch, 2001]

Vertical excitation energies (eV), DZP (4s2p1d/2s1p ) basis set

The adiabatic singlet-triplet ( X X 33BB1 1 –– A A 11AA11) energy gap, ) energy gap, 5s4p3d2f1g/3s2p1d basis



The singlet-triplet 
(X X 33BB1 1 –– A A 11AA11) ) 
separation in CHseparation in CH 22
in different in different 
calculations calculations 
(kcal/mol)(kcal/mol)



The SUMRCCSD method can provide nice results … but t here are The SUMRCCSD method can provide nice results … but t here are 
problems, such as, for example,problems, such as, for example,

••intruder multiple solutions; very hard to eliminate  in genuine Mintruder multiple solutions; very hard to eliminate  in genuine M RCC RCC 
methods. methods. Among the solutions: the general model space SUMRCC  Among the solutions: the general model space SUMRCC  
methods of Li and Paldus, the methods of Li and Paldus, the BrillouinBrillouin --Wigner MRCC theory of Wigner MRCC theory of 
HubaHubačč, Pittner, , Pittner, ČČarskyarsky , and co, and co --workers, the stateworkers, the state --selective MRCC selective MRCC 
method of Mukherjee et al. (pursued by Mukherjee, E vangelista, method of Mukherjee et al. (pursued by Mukherjee, E vangelista, 
Allen, Schaefer III, Gauss, and coAllen, Schaefer III, Gauss, and co --workers), the workers), the MRexpTMRexpT approach of approach of 
HanrathHanrath et al., et al., and the and the activeactive --space CC methods of Piecuch, space CC methods of Piecuch, 
Adamowicz, and coAdamowicz, and co --workersworkers ..

••large inaccuracies produced by the use of inadequat e model large inaccuracies produced by the use of inadequat e model 
spaces, and, in some cases, neglect of higherspaces, and, in some cases, neglect of higher --thanthan --twotwo --body body 
clusters. clusters. Among useful solutions: renormalized corrections to  Among useful solutions: renormalized corrections to  
SUMRCC energies due to higherSUMRCC energies due to higher --order excitations of Kowalski and order excitations of Kowalski and 
Piecuch (multiPiecuch (multi --reference analogs of CRreference analogs of CR --CCSD(T), etc.).CCSD(T), etc.).

••excessive number of cluster operators or amplitudes  when larger excessive number of cluster operators or amplitudes  when larger 
model spaces are used. model spaces are used. The general model space SUMRCC The general model space SUMRCC 
methods of Li and Paldusmethods of Li and Paldus and the SUMRCCSD(1) approach of and the SUMRCCSD(1) approach of 
Kowalski and Piecuch.Kowalski and Piecuch.



DEALING WITH INTRUDERS USING ACTIVEDEALING WITH INTRUDERS USING ACTIVE --SPACE CC/EOMCC APROACHES SPACE CC/EOMCC APROACHES 
FOR QUASIFOR QUASI--DEGENERATE STATES (DEGENERATE STATES ( CCSDtCCSDt, , CCSDtqCCSDtq , , EOMCCSDtEOMCCSDt, etc.) , etc.) 

[state[state --selective MRCC methods exploiting a singleselective MRCC methods exploiting a single --reference formalism]reference formalism]
[Piecuch, Oliphant, and Adamowicz, 1993, Piecuch, Ku charski, and Bartlett, 1998, Kowalski and Piecuch, 2001, Gour, 

Piecuch, and Włoch, 2005, 2006]

Φ+ )1( intC (CAS)

(long(long --range correlations)range correlations) (short(short --range correlations)range correlations)



REPRESENTATIVE APPROXIMATIONS:

CCSDt OR SSMRCCSD(T) AND EOMCCSDt

Other approximations: SSMRCCSD(TQ) or CCSDtq, EOMCC SDtq, etc.

Because of the use of active Because of the use of active orbitalsorbitals , the numbers of t, q, … excitations , the numbers of t, q, … excitations 
are small fractions (a few %) of all T, Q, … excitat ions.are small fractions (a few %) of all T, Q, … excitat ions.



EXAMPLE: Bond breaking in F 2

(K. Kowalski and P. Piecuch, Chem. Phys. Lett., 200 1; 
P. Piecuch et al., Chem. Phys. Lett., 2005)

Potential energy curves for F 2/cc-pVDZ. Differences with CCSDT (in millihartree)



Average errors (eV): 1.33              0.20              0.08

Ground and excited states of Be 3

(K. Kowalski et al., J. Chem. Phys. 2005, P. Piecuc h et al., Int. J. Quantum Chem., 2006)



EXTERNALLY CORRECTED CC APPROACHESEXTERNALLY CORRECTED CC APPROACHES

An alternative to activeAn alternative to active --space CC or statespace CC or state --specific MRCC approachesspecific MRCC approaches
(J. Paldus, M. Takahashi, J. (J. Paldus, M. Takahashi, J. Čížek, P. Piecuch, X. Li, J. , P. Piecuch, X. Li, J. PlanellesPlanelles , et al.; L. , et al.; L. StolarczykStolarczyk et al.)et al.)

(…)

In standard CCSD, we neglect equations correspondin g to projections on 
higher-than-2p-2h excited determinants and terms co ntaining T3 and T4.
In externally corrected CCSD, we neglect equations corresponding to 
projections on higher-than-2p-2h excited determinan ts and extract T3 and T4
from a non-CC wave function (for example, PUHF, as in ACCSD of Piecuch, 
Tobola, and Paldus, or small MRCI, as in RMRCC of P aldus and Li).

Based on the observation: T3, T4 extracted from full CI         E becomes exact.



Singlet-triplet (a 1

�

– X 3

�

) gap in BN/cc-pVxZ, x=D,T,Q,5
((unusallyunusally large and very difficult to balance large and very difficult to balance TT3 3 and and TT44 effects)effects)

(X. Li, J.R. Gour, J. Paldus, and P. Piecuch, Chem.  Phys. Lett., 2008)

MRCI-corrected 
CCSD, augmented 
with the dynamical 
T3 effects that are 
not present in MRCI
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